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Abstract 
Watanabe, M., Arrow relations on families of finite sets, Discrete Mathematics 94 (1991) 
53-64. 
Let n, m and k be positive integers. Let X be a set of cardinality n, and let 9 be a family of 
subsets of X. We write (n, m)-, (n - 1, m - k), when for all 9 with (S( em, there exists an 
element x of X such that the family {F - {x}: F E 9) has cardinality at least m - k. We show 
that (n, m)+(n - 1, M - 4) for all m s [17n/6], (n, m)-+(n - 1, nz - 5) for all m s [13n/47, 
and (n, m)+(n - 1, m -6) for all ~fl s [7n/21. 
1. Introduction 
Let X be a finite set. For a family 9 c 2x of subsets of X and for a subset Y of 
X, the trace 9$ of 9 on Y is defined by 
The cardinality of a family 3 c 2x is denoted by 191. Similarly, for Y c X, 1 Yl 
denotes the cardinality of Y. 
Suppose n, m, a and b are positive integers, and let X be a set of cardinality rz. 
We write 
when for all 9 c 2x with 19’1~~ m, there exists a subset Y of X with I YI = a such 
that I&I > b (this relation is called an arrow relation). 
In this paper, we are concerned with the problem of determining, for two given 
integers n and k, the maximum integer m such that the arrow relation 
(n, m)+ (0 - I, m -k) 
holds. Specifically, we consider the case 4 <k ~6 and prove the following 
theorems. 
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Theorem 1. If n 3 4, then (n, m)+ (n - 1, m - 4) holds for all m 6 [17n/6]. 
Theorem 
Theorem 
(n - 1, m 
As we 
2. If n b 4, I.&w (n, m)+ (n - 1 p m - 5) holds for all m d [13n/41. 
3. If n>4 and n =O (mod4) (resp. n & 0 (mod4)), then (n, m)+ 
- 6) holds for all m S 7n/2 (resp. [7nf 2 -I- I]). 
shall see in Section 6, the bounds on m in these theorems are best 
possible except that in the case where n = 7 in Theorem 2, the maximum value of 
m for which (n, m) + (n - 1, m - 5) holds is not 23, but 24. 
For smaller values of k, Bondy [l] proved that (n, m) + (n - 1, m) for all 
m d n, and it was shown by Bollobas (see [3, Problem 13-101) that (n, m)+ 
(n - 1, m - 1) for all m d [3n/21. It is also known that (n, m)+(n - 1, m -2) 
for all m s 2n. Also Frank1 [2] proved the general result that if k = 2’ - 1 for 
some positive integer t, then 
(n, m)+(n - 1, m - k) for all m Q 
Thus our results settle the three smallest open cases. 
2. Notation and preliminary results 
Throughout the rest of this paper, we let n denote an integer greater than or 
equal to 4, and X be a set of cardinality n. Also the term ‘family’ always refers to 
a family of subsets of X. 
For a family 9 and for x E X, the number of sets in 9 which contain x is called 
the degree of x in 9, and is denoted by deg9(x). A family 9 is called a complex 
if E c F E 9 implies E E 9’. A subset of X with cardinality k is simply referred to 
J. . . as a r-w:%eL . 
The following very useful lemma was proved by Frank1 in [2]. 
Lemma 1. Let m, a, b be positive integers. Suppose that for every complex % with 
1 %I 2 m, there exists Y c X with 1 Yl = a such that 1 ZyI 2 b. Then the same is true - 
for every family 9 with ISI 3 m. 
By virtue of this lemma, we can confine ourselves to complexes in proving our 
theorems. Note also that if 9 is a complex, then we have 1 9&x, I= 1 Sl - 
deg&) for all x E X. Thus Theorems 1, 2, 3 can be restated as follows. 
eorem l’* Let 9 be a complex, and suppose that deg&x) 2 5 for all x E X. 
Then ($1 2 17n/6 + 1. 
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Theorem 2’. Let 9 be a complex, and suppose that deg&) 2 6 for all x E X. 
Then ISI 2 13n/4 + 1. 
Theorem 3’. Let 9 be a complex, and suppose that deg,(x) 2 7 for air’ x E X. 
Then191~7n/2+1ifn~O(mod4),and(~I~7n/2+2~nfO(mod4). 
We also use, most of the time implicitly, the following two lemmas. We omit 
the proofs, which are straightforward. 
Lemma 2. Let 9 be a complex, and let F be a maximal member of 5. Suppose 
IFI>4. ThenallxEFh ave degree at least 7 in 9 - (F). 
Lemws 3. Let FI , F2 be 3-subsets of X with FI n F2 # 8 and FI + F2, and let 
x E FI n F2. Let 9 denote the complex consisting of all subsets of Fr and F2. Then 
deg&x) = 6 when 14 n &I= 2, and deg$(x) = 7 when Il$ n&l = 1. 
3. Proof of Theorem 1’ 
Let % be as in Theorem 
condition of the theorem. 
member of 9 is at most 3. 
1’. We may assume that 9 is minimal subject to the 
Then by Lemma 2, the maximum cardinality of a 
Label the 3-subsets in 9 as Bi (1 s i <p + q + r + s) so that the fdowing 
holds: 
lBinBj(=O for all i, jsuch that l~i<j<p; 
IBi-L! R,I =2 forallisuchthatp+lG6p+q; 
l-‘?i -Q B,( =l forallisuchthatp+q+lai<p+q+r; 
IBiB BjI =0 forallisuchthatp+q+r+l<isp+q+r+s. 
Let 
p+q+r+s 
L=X- U Bi, 1= ILI. 
i=l 
Then clearly n =3p+2q+r+l. 
For each i (1 G i s p + q + r + s), let %$ denote the family of subsets of X 
contained in some Bj with I ~1 s i. 
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a 4. (I) 19&l = 8. 
(II) I+!$- %i_ll=7 fOr all 2SiSp. 
(III) I~-(;e,_,J=6fOrallp+l~i~p+q. 
(IV) I~-~i_,l~4~Orallp+q+l~i~p+q+r. 
(V) ]Y$-~~__~~~2fOrallp+q+r+l~i~p+q+r+S. I 
Proof. Statements (I) through (IV) follow immediately from the assumption that 
@is acomplex. To prove (V), letp+q+r+lsicp+q+r+s, and assume 
that 15~5~ - %i_ll= 1 holds. Then each 2-subset of Bi is contained in some Bj with 
j < i. This means that for each x E Bi, deg%_, (x) is already at least 6. Thus 
9 - { Bi} satisfies the hypothesis of Theorem l’, which contradicts the minimality 
of 9. cl 
Let N be the set of elements of X which are contained in precisely one 3-subset 
in 9. Then, 
IN(a3p+2q+r-(q+2r+3s)=3p+q-r-3s. 
Let Z’ be the family consisting of the 2-subsets in 9 - %P+q+r+se Then since 
deg&) 2 4 for all x E L and deg,&) 3 1 for all x E N, 
1x1 2 
a!+3p+q-r-3s 
2 - 
Combining those observations, we get 
(Sla IqY+,+r+sl  PI+ l 
21+7p+6q+4r+b+y+ 
41 3p+q-r-3s+l 
2 
= 1 + 17p 
2+ 
13q 
2+ 
7r .I. _? .+ 31 
22 l 
Hence, 
Sq+4r+3s+l 
6 
3 0, 
as desired. 0 
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Let 9 be as in Theorem 2’, and assume that 9 is minimal. Label the 3-subsets 
in 9 as Bt (1 G i ~‘p -I- q -I- r + S) SO that the following holds: 
lBi n Bil= 0 for all i, j such that l~i<j~p; 
IBi-g BjI =2 forallisuchthatp+l<i<p+q; 
IBi-MBji = 1 forallisuchthatp+q+lG<p+q+r; 
‘Bi -IQ: B,I =0 forallisuchthatp+q+r+lci<p+q+r+s. 
Let 
p+ +r+s 
L=X- b Bt, 
i=l 
l= ILL 
P={Bi:l~i~p}, 
Q={Bi:p+l~i~p+q}, 
R={Bi:p+q+lsisp+q+r}, 
S={Bi:p+q+r+lGisp+q+r+s}. 
We now proceed to partition R and S into subfamilies. To do that, we need the 
following notation: Let p + q + 1 G i s p + q + r + s. We set 
For each x E Dip define a family Ki(X) by 
Ki(X) = {Bj: x E Bj, 1 <j s i - l}, 
and let /Ii(x) = IKi(X)l. Further for each 2-subset A c Dip define K,(A) by 
K,(A) = {Bj: A c Bj, 1 s j s i - l}, 
and let ki(A) = lKi(A)l* 
Under this notation, set 
RI = (Bi E R: ki(Di) = 1 and Ki(X) = Ki(Di) for each X E D,), 
Rz= (Bi E R: ki(Di) =O), 
R3 = (Bt E R: ki(Di) 3 1 and ki(X) > 2 for at least one element x E Di}. 
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Let rk = J&I, 1s k s 3. Note that for each Bi E RI, the unique member of Ki(Di) 
belongs to P U Q, and that for any distinct Bi, Bi E RI, we have Ki(Di) # Kj(Dj). 
Therefore r, <p +q. Also r=rl +r,++. 
We now turn to S. Arguing as in Lemma 4, we see that for each Bi E S, at least 
one &subset A of Bi has the property that K,(A) = 0. Bearing this in mind, set 
Sl= { Bi E St K,(A) # Iz) for precisely two 2-subsets A of Bi} 9 
S2 = { Bi E S: at most one 2-subset A of Bi satisfies K,(A) # fl}. 
Let s1 = ISJ, s2= I?&(. Then s = s1 + s2. 
Let N be as in Section 3. Then, arguing as in Section 3, we obtain 
n=3p+2q+r+l, 
INIa3p+2q+r-q-2r,-2r,--2r,+r,-2s,--3s, 
= 3p + q - rl - r2 - 2sl - 3s2, 
51 
(4.1) 
+3p+q-rI-r2 - 2s* - 3s2 + 2&+ 3s2 
71 
= 1 +y+ lop +7q +3r, +4r,+4r,. (4.2) 
We want to show that (4.2) is at least 13n/4 + 1. By (4.1), this is equivalent to 
showing the inequality 
p +24-r, +3r,+3r,+bO. (4.3) 
Since r -= , p + q, (4.3) clearly holds and this completes the proof. Cl 
5. Proof of Theorem 3’ 
Let 9 be as in Theorem 3’, and assume that 9 is minimal. Label the 3-subsets 
in 9 as Bi (1 G i up + q + r + h) SO that the following holds: 
IBi f~ Bj] = 0 for all i,j such that l~i<j~p; 
IBi-!z Bji = 2 forallisuchthatp+l6isp+q; 
IBiB; Bji = 1 forallisuchthatp+q+lci<p+q+r; 
i- I 
I”i-,LJ Bi = 0 for all i such that p + q + r + 1 G i up + q + r + h. 
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Let 
p+q+r+h 
L=X- IJ Bi, 
i = 1 
l= ILL 
P={Bi:lGiCp}, 
Q={Bi:p+lcicp+q}, 
R={Bi:p+q+lsisp+q+r}, 
H=(Bi:p+q+r+lsisp+q+r+h}. 
Let C$ be as in Section 3. Let Dip Ki(X), ki(X), K,(A), ki(A) be as in Section 4, 
and note that if p + q + r + 1 d i up + q + r + h, then Di = Bi. At the cost of 
relabeling, we may assume that the following holds with s + t + u + v = h: 
0 for each i with p + q + r + 1 G i d p + q + r + S, k&) = 1 holds for all x E Bi; 
0 for each i with p+q+r+s+laiap+q+r+s+t, k,(X)22 for one 
element x of Bi, and k,(y) = ki(Z) = 1 for the other two elements y, Z; 
* for each i with p+q+r+s+t+l ai<p+q+r+s+t+u, k,(X)22 and 
k,(y) 3 2 for some two elements x, y of Bi, and ki(Z) = 1 for the remaining 
element 2; 
0 foreachiwithp+q+r+s+t+u+l <iip+q+r+s+t+u+v, k,(x)32 
holds for all x E Bi. 
Let 
S={Bi:p+q+r+lai6p+q+r+s}, 
T={B,:p+q+r+s+lsisp+q+r+s+t}, 
U={B,:p+q+r+s+t+lGisp+q+r+s+t+u}, 
V=(B,:p+q+r+s+t+u+l<iGp+q+r+s+t+u+v}. 
ThusH=SUTUUUV. 
Next we proceed to palLLILull -+G.- R, S, T, U, V into subfamilies. Set 
RI = (Bi E R: ki(Di) = 1 and K,(X) = Ki(Di) for each X E Di), 
R2 = { Bi E R: ki(Di) = 0 and ki(X) = 1 for each x E Di}, 
R3 = { Bi E R: ki( Di) = 1 9 ki(X) 2 2 for one element x of Di, 
and k,(y) = 1 for the other element y }, 
R4 = { Bi E R: ki(Di) = 0, ki(x) 3 2 for one element x of Dig 
and k,(y) = 1 for the other element y }, 
rk=lRkl for lsk6. 
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We assume that we have labeled the Bi SO that 
R,={B,:p+q+l~i~p+q+rl}. 
Set 
& = { Bi E S: K,(x) = &(y) for some two distinct x, y E Bi}, 
& = { Bi E S: Ki(x) # K,(y) for any two distinct x, y E Bi}, 
sk=lSkl for lG%2. 
For each Bi E T, let xi be the element in Bi which satisfies ki(xi) 2 2. Set 
c = {Bi E T: the two 2-subsets A, B of Bi containing xi 
satisfy ki(A) = ki( B) = 1 and deg%_, (xi) = 6}, 
& = { Bi E T: the two 2-subsets A, B of Bi containing xi satisfy ki(A) = 
k,(B) = 1 and deg%_, (xi) a 7}, 
& = { Bi E T: precisely one 2-subset A c Bi satisfies ki(A) = l}, 
& = ( Bi E T: each 2-subset A c Bi satisfies ki(A) = 0}, 
&=I&1 for lGkG4. 
We assume that we have labeled the Bi so that 
T,={BiET:p+q+r+s+l~i~p+q+r+s+tl}, 
T~={BiET:p+q+r+s+tl+l~i~p+q+r+s+t,+t,}. 
Set 
UI = ( Bi E U: ki(A) # 0 for precisely two 2-subsets A of Bi}, 
U2 = { Bi E U: at most one 2-subset A satisfies /&(A) # O}, 
uk= lU,( for MkG2, 
Let 
VI = { Bi E V: there exists a $ Bi such that for each x E Bi, 
K(X)= {AU (a}:x EA c Bi, IAl =2}}, 
V2 = (Bi E V: ki(A) 2 1 for each 2-subset A c Bi, and 
deg%_, (x) 2 7 for some x E Bi} , 
& = { Bi E V: l&(A) = 0 for soille 2-subset A c Bi}, 
IJ~ = I V,l for 1 d k 6 3. 
g= ~~+q+r+s+r+u+v. 
The number of x E X such that deg,(x) = 4 is at least 
3p + q - fj - r2 + rs - 3s, - 3s~ - 2t, - 2t, - 2t, - 2t, - U, - l.42, 
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The number of x E X such that deg&) = 6 is at least 
Therefore we obtain 
+2t~+3t~+4t~+2u,+3U~+v~+v~+2V~ 
+ $(3p + q - r, - r, + r, - 3S, - 3s~ - 2t, - 2t, - 2t, - 2t, - U1 - U2) 
+ ;(2r, - r4 - 2r5+2q+tl+2t2-t4-u1-2U2-3V1-2U2-3V3) 
81 s2 t1 t4 u2 VI 213 ----_- --- 
2 2 2+2+2 2+2. 
First, we show that ISI 2 7n/2 + 1, i.e., 
4 1 r3 
p+T+i+z+r4+r5 
Sl s2 fl fJ1 t4 + u2 + v3 ----_-_- 
2222+ 2 
2 0. 6 1) 
For this purpose, let us make some further observations. 
(a) For each Bi E T,, letting Al, A2 be the 2-subsets of Bi containing xi, let 
Ki(A,) = (Bg,ci,} for e = 1, 2 and let Bg,(i) 17 Bg2(i) = {Xi, yi}, where Xi is defined as 
immediately before the definition of TI. We choose our notation so that 
gl(i) < g2(i). Then Bg2(i) belongs to RI or R3. Under this notation, set 
&I = {Bi E T: Bgz(i) E RI and MS,_, (yi) = 6), 
q2 = { Bi E TZ Bg2(i) E RI and dm,-, (yi) 3 71, 
and let tld = I&dl, lCdG3. 
(b) For each Bi E T2, letting Al, A2 be the 2-subsets of Bi containing xi, let 
Ki(A,) = {Bx,ci,>. We may assume g,(i) <g2(i). Then either IRR,tii n BR,(;J = 2 
and Bg2(i) belongs to RI U R3 U Rg, or else IBg,(i, f~ Bg2(i)( = 1. Set 
and let tzd = (l&l, 1 <d s 3. Then t13 + tz2 s rt. 
(c) For each Bi E VI, letting A,, AZ, -A3 be the 2-subsets of B;, let 
Ki(Ac) = { BJ;.(i)}* w e may assume fi(i) <f?(i) <f;(i). Then BfItr) belongs to T,, , 
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&, or l&. Set 
K2 = {Bi E K: Bh(i) E T,,), 
and let vld = IV,,l. Then vll G tlI, v12s f2r, v13s t22. 
(d) For each Bi E RI, let Ki(Di) = Bh(i)m Let RI1 be the family of those Bi E RI 
such that Bi is later used in TI1, i.e., such that Bh(i) and Bi occur as Bg,tij and 
B g,(i) for some j with Bi E ql. Similarly let RI2 be the family of members of RI 
which are later used in Tll or T21. Let R13 = RI - (RI1 U R12), and let rl, = IZ?& 
lGee3. 
(e) For e = 1, 2, let P, be the family of members of P which are later used in 
R le9 and let &=P-(PlUP2). Let pe=IPel, l<e<3. Then pl=rll=tlI, 
p2 = r12 = fl2 + t21. 
(f) From (c) and (e), we get tll + vll d 2pl and t12 + v12 sp2. 
(g) From (b) and (c), we get t13 + v13 6 r3. 
Note that the left-hand side of the desired inequality (5.1) can be written in the 
form 
t11+ 2111 
+p 
- fl2 - v12 r3 - 2 
+ 
h3 - 2113 
PI- 2 2 2 
s2 ; P2 : P3+9 r13 ; rs Sl -_--- 
2236622 
; P3+g : r13 ; r ; % : !+t4+u2+v3 
2 6 6 4 6 2 2 ’ 
Consequently, by (f) and (g), the only thing we must show is 
P2 P3 4 r13 rs St s2 
F+y+yT+gaF+T WI 
Consider the set 
We estimate ICI in two manners. First note that if Bj n Bj # 8 with i <i G 
p+q+r+s and Bj$Rll, then Bi$PIURI1. Thus IClc3p2+3p3+2q+(r- 
rll). On the other hand, if for each j with p + q + rl l + 1 ~j <p + q + r + s we let 
Ej denote the set of elements x in 5j such that kj(X) = 1, then 
p+q+r+s 
ICI 2 C I Ejl = 2trI - rl ,) + 2r2 C r3 + r4 + 3s 1 + 3s~. 
j=p+q+ql-; 1 
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3sl + 3~ s 3p2 + 3p3 -I- 2q - (rj - rI1) - r2 9 r, 
G3p2+3p3+2q-rIs+r5, 
which clearly implies (5.2). This settles the case where n = 0 (mod 4). 
Before considering the case n & 0, we prove some lemmas. 
(5.3) 
Lemma 5. Zf p2 # 0, then r4 + rs # 0. 
Proof. Suppose p2 # 0. Then & U T& # 8 by (e). Pick Bi E &2 U 7&. Let a = yi if 
Bi E Tl2, and a = Xi if Bi E T&. Then deg%_, (a) 2 7. SO we can find Bj such that 
g2(i) <j C i and a E Bj. We may assume that we have chosen Bj so that j is 
minimum. Then since B,,(i) and Bgz(i) are the only Bk with bc c j and containing a, 
and since 
by the definition of T, Bj cannot belong to any of RI, R2, R3, S1, & q or T2. 
This forces Bj E R4 U R5, as desired. Cl 
Lemma 6. Zf p2=p3=0, then q=O, r=rll, s=O, t=tII and v=vI1 
therefore, n =4p+land l99l=1+14p. 
Proof. Everything except the assertion that u2 = v3 = 0 follows immediately 
the definition of PI, and we get ~~ = v3 = 0 from the minimality of 3. 0 
and, 
from 
Lemma 7. Zf p3 = 1 and q = r13 = r4 = rs = 0, then r2 = r3 = 0 and, therefore, s = 0. 
Assume now that n f 0 (mod 4). We want to show IsI 2 7n/2 + 2. Suppose 
ISI < 7n/2 + 2. Then 
(5.4) 
This immediately implies r4 = r, = 0. Hence p2 = 0 by Lemma 5. First assume 
p3 = 0. Then by Lemma 6, n =4p+l and l%(=1+14p. Since n&O, we have 
I # 0. By (5.4), this implies I = 1. Since the degree of the unique element not 
belonging to any of the Bi is at least 7, 9 - 93 must contain at least six 2-subsets. 
Hence 
a contradiction. Next assume p3 = 1. 
Hence s = 0 by Lemma 7. But this 
greater than or equal to p3 3 1. This 
the proof. 0 
i 
Then from (5.4) it follows that q = r13 = 0. 
implies that the left-hand side of (5.4) is 
is absurd, and this contradiction completes 
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6. Examples 
Tn this section we construct examples which show that the inequalities in 
Theorems 1’ , 2’, 3’ are best possible. We consider only the case n = 6k in 
Theorem 1’ and the case n = 4k in Theorems 2’ and 3’, but obvious modifications 
of these constructions yield examples for the remaining cases. (As we remarked 
in Section 1, the case n = 7 is exceptional in Theorem 2’.) 
Example for Theorem 1’. Suppose X = { 1,2, . . . , n} and n = 6k. Let 
U ((6a - 5,6a - 2}, (6a - 4,6a - l}, (6a - 3,6a}}). 
Then ISl= 17n/6 + 1 and deg.&) = 5 for all x E X. 
Example for Theorem 2’. Suppose X = { 1,2, . . . , n} and n = 4k. Let 
- ((4a - 3,4a - 2,4a - 1,4a), (4a - 3,4a - 2,4a - 1))). 
Then IS( = 13n/4 + 1 and deg?&) a 6 for all x E X. 
Example for Theorem 3’. Suppose X = { 1,2, . . . , n} and n = 4k. Let 
(4a-3,4a-2,4a-1.4a) - ((4a - 3, 4a - 2, 4a - 1, 4a))). 
Then ISI = 7n/2 + 1 and deg&) = 7 for all x E X. 
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